A constitutive model for transfer of shear tractions along rough cracks in strain softening composites like concrete, is presented. The model relates the normal and shearing stresses on the rough crack to the corresponding displacements in terms of the interface strength, contact areas, the contact angle of the rough crack surface, and the crack closing pressure. The initial angle of contact at zero normal stresses, a fundamental property of the rough crack surface, was established by means of statistical and numerical simulations. Using the concepts of critical state soil mechanics, conditions were stipulated for dilation and contraction of the rough crack. The deformability of the asperity was mathematically described in terms of the initial angle of contact and a progression of this angle to a minimum by means of an exponential model. Using idealizöi test results such as constant crack width experiments, a mathematical model was developed for contact area as a function of the crack width and tangential displacement. The performance of the constitutive model was verified by predicting experimental results with varying crack width and normal stress boundary conditions, as well as constant crack width and constant normal stress. The comparison between predicted and experimental results appear to be very satisfactory.
INTRODUCTION
With the advent of fast computers such as vector processor, nonlinear problems which were hitherto time consuming, can now be solved very quickly on computers. This feature has let researchers and designers to use more sophisticated mathematical models for material description. While a number of mathematical models for continuous media are available, there is a scarcity of constitutive models for media with discontinuities such as cracks, joints and interfaces.
In the investigations conducted by Bazant and Gambarova (1, 2) , stressdisplacement relations were developed for a rough crack using some idealized test results. Other investigations (3, 4, 5, 6, 7) relate shear and normal stresses and displacements of the rough crack by using empirical relations. Most of these constitutive models are based on macroscopic considerations, and so far, there has not been any model which considers the internal structure of the material and nature of the rough crack surface.
A new constitutive model based on micromechanical concepts is presented in this paper. The main strategy for calibrating some parameters of the constitutive model was to use idealized test results.
THE MICROMECHANICAL MODEL
Figure la shows the micromechanical representation of a rough crack in concrete, subjected to shearing and normal stresses. The coarse aggregates are treated as inhomogeneities of different sizes embedded randomly in a cement mortar matrix with elastic constants μο,Κο Hsu (8) showed that the interface between the matrix and the inhomogeneities forms the weakest link in the continuum, due to microcracks that exist even before any loads are applied. When external loading is applied, there will be further extension of these cracks. Some of the microcracks may be in the crack arrest zones, while some others may propagate. When the size and number of isolated microcracks increase, their probability of joining, resulting in the growth of a fracture zone will increase. The fracture zone may have a dense distribution of microcracks, often called a crack band or a shear band. The crack surface is very rough and tortuous with aggregate particles bridging across and interlocking each other. The rough crack is capable of transmitting a significant amount of shear tractions until total separation occurs. The different mechanisms that participate during shear transfer along with sliding are conceptually illustrated in Fig. lb , lc, and Id.
TRANSFORMATION TO A CONTINUUM MODEL
The forces acting due to interlocking, overriding and fracturing are shown in The continuum model of the rough crack is shown in Fig. 2 . It essentially consists of two deformable blocks representing the rough crack, connected together by means of springs. The lower block has a triangular asperity over which the upper block slides. The triangular asperity is deformable, and it is a statistical equivalent of an infinite number of aggregate inclusions of various shapes and sizes. The separation distance w 0 (crack width) is the only variable that has to include the effects of a discontinuity. The crack closing pressure o § exerted by the springs is assumed to be uniform over the interface.
FORMULATION OF THE CONSTITUTIVE EQUATION
Considering the equilibrium of the continuum model, the constitutive equation can be written in the following form (10):
•t c where o t and σ η are the tangential and normal stresses acting on a unit area of the crack, Gj is the interface strength on the active side of the triangular asperity, μ is the fractional coefficient, and o s is the closing pressure. The asperity angle α is a statistical parameter which describes the collective behavior of a large number of asperities of different shapes and sizes. The contact area ac depends on the crack width and the sliding displacement.
The functions a<;(w,at) and a(a t ,a n ) will be determined based on experimental data. A comprehensive database of experimental data has been built using some recent experiments (5, 8, 9, 10, 11, 12, 13, 14, 15) .
The friction coefficient assumed for the present model was 0.55. The interface strength σι is a material constant, also referred to as matrix yielding strength by Walraven (15) , and it represents the average strength of the inhomogeneous material. Following Walraven's (15) recommendations, the interface strength was assumed to be a function of the uniaxial compressive strength of concrete. For normal strength concrete, the interface strength was expressed as follows:
where the constant G is 5.83 for normal strength concrete and 6.40 for high strength concrete. For the purpose of this analysis, concrete strength exceeding 35 MPa was considered as high strength concrete.
For the closing pressure o s , the following formula is proposed in which σ 5 is the peak tensile strength (6.5 psi where f c is in psi), and w is the crack width in μ in. The above formula was initially proposed for the descending branch of concrete in compression (16, 17) . It was found later that it can also describe the stress -displacement relationship of the descending branch in tensile stress (18) . Here it is used to describe the closing pressure as a function of the crack width. The values of the constants were determined by regression (K = 1.544 χ 10~3 and λ = 1.01).
DEFORMATION PROPERTIES OF THE CONTINUUM MODEL
The asperity angle in Eq. 3 helps in describing indirectly the contribution of all mechanisms other than friction to interface shear. During the initial stages of sliding, the asperity angle will be at its maximum. The intensity of normal stress applied also influences the mode of deformation of the rough crack, that is, whether the normal displacements are dilative, contractive or critical. As the sliding progresses, the asperity angle will gradually decay to a minimum. For large sliding displacements, it may be zero, and the shear transferred at this stage is purely frictional.
For modeling of deformation properties of the rough crack, we thus need to address the following issues:
The determination of the deformation modes of the asperity (dilative, contractive, and critical). The formulation of a law to describe the progression of the asperity angle to a minimum with increasing sliding displacements. Figure 3 shows a typical displacement history plot at constant normal stresses. Test results indicate that the crack dilations decrease with increasing normal stresses. For a particular intensity of normal stress, there will not be any normal displacements (dashed line in Fig. 3 ). With further increase in normal stress, the normal displacements will be in the contractive region.
(a) Deformation Modes of the Rough Crack
Due to the ambiguities that exist in determining a yield surface for the rough crack, the peak shear stress surface was used as reference for the critical state line. An equation of the following form, with four parameters was assumed in terms of the normalized variables of the peak shear stress surface:
where q = YOt/Pc and ρ = Vo n /fc. The parameters a, b, c, and d are respectively, 1.08, 27,06, 185.02, and -213. 16 . The critical point is obtained by equating the first derivative of Eq. 6 to zero, i.e., dq/dp = 0. This leads to:
where P cr = o n /f^. Using the numerical values of the 4 parameter model, the critical state is obtained at P cr = 0.6354. For a constant normal stress of up to approximately 0.65 f\, the normal displacements will be in the dilative region. For normal stresses exceeding this value, the deformational responses will be contractive. q = 0.1 [a + bp +cp 2 + dp 3 ] The limitation of Eq. 8 is that it is not applicable for ρ = 0.0. A statistical approach was used to find the initial slope of the asperity at zero normal stress. Figure 4 shows a rough crack surface with circular coarse aggregates of different sizes embedded into the matrix at different heights. In order to find the initial angle of contact, we need to find the expected value (a 0 ) of contact angles. For an asperity "i", the contact angle is given by Eq. 7 and the expected value by Eq. 8 below: (7) (8) where the probability density function f(x,r) describes the distribution of the coarse aggregate inclusions in the mortar matrix. The expected value after evaluating the integral above using uniform and Fuller (15) distributionsjs 1 radian (10). Therefore, the initial slope of the asperity at zero normal stresses tan(a 0 ) =1.557.
(c) Prediction of Displacement Histories
A displacement relation of the δ η = f(a n 6 t ) was sought. To this end, the slope of the displacement relationship corresponding to various normal stress δ η was expressed as an exponential function, tana = tana,, exp [-göj where the parameter "g" is given by another exponential function:
The constant 'n" was evaluated by regression analysis, equal to 3.377. The basis of the above representation is the available experimental data. 
Crack Plane
(12)
The Area of Contact a c (w,5 t ) The area of contact depends on the distance separating the two faces of the rough crack and also on the sliding displacement. For a wider crack width, there will be fewer asperities to engage in contact with, and hence the contact area will be less.
A plausible way to compute the contact areas is to keep the crack width constant and quantify contact areas as a function of slip. Using equations 1 and 2, we can calculate the contact area as follows: a c (w,6 t ) = 5 t δι sina(a 0 6 t ) + μ cosa(a 0 ,5 t ) 
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where ö timax is the maximum slip beyond which the contact area is assumed to remain constant, and a max is the maximum contact area, which was assumed to be the same as contact area at maximum slip of 5 t max · It can be shown that for the area -slip curve to have a zero slope at 5 t max , the constant R in Eq. 21 has to be >1.0. The constant R can be expressed as,
where a t is the initial slope. Figure 6 shows the contact area vs. sliding relationship expressed by equation 19 and 20. Based on constant crack width test results, the maximum area of contact (which is also the area at a slip of 1 mm), was expressed as an inverse function of the crack width, as shown below:
The constants were determined based on the test data, A] = 0.28331, and A2 = 0.21507. Note that Eq. 21 becomes unbounded when the crack width is zero.
The initial tangent a t of the area -slip curve was also expressed as a function of the crack width, by the following equation:
The constants were again determined using constant crack width test results, Bi = 0.42382, and B 2 = 0.51779.
The contact area can be computed using Eq. 19 -22. It should be pointed out that the equation for contact area is the only equation in the constitutive model which models the singular behavior of the rough crack. 
PERFORMANCE OF THE CONSTITUTIVE EQUATION

Prediction of Constant Crack Width Test Results
The sliding of the rough crack in constant crack width experiments begins with a certain initial crack width. During sliding on rough asperities, there will be normal displacements, increasing the crack width. The loading in the normal direction is increased to annul the normal displacements, keeping the initial crack width constant. The test data with this boundary conditions are those of Loeber (12), Daschner (11) and Nissen (14) . The algorithm for predicting the shear stress, normal stress vs. slip responses for different constant crack widths is described in detail in Ref. 10 .
The optimum friction coefficient was found to lie between 0.5 and 0.6. A friction coefficient of 0.55 was chosen for prediction using the proposed constitutive model. The performance of the proposed constitutive model was very satisfactory in predicting the responses from almost all of these data sets. Figure 7 shows some results of prediction.
Prediction of Constant Normal Stress Test Results
Investigations conducted by Daschner (11), Divakar et. al. (5) , and Nissen (14) are included in this study. The normal stress in these experiments remains constant, resulting in shear stress vs. slip, dilation responses. The responses are usually of strain softening type for low to moderate normal stress intensity, and of the strain hardening type for high normal stress intensity. 
Prediction of Variable Normal Stress and Crack Width Test Results
The data of Walraven (15) and Millard (13) are included in the study. The normal restraint in these experiments were usually provided by steel reinforcement. Initially, the normal stress is zero. Once the sliding begins the normal stress increases from zero to a finite value. The initial angle of the asperity was therefore assumed to start from 1 radian and decay according to Eq. 9, after the region of engagement slip region. Figure 9 shows some of the results of prediction. 
